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Goal of the talk

This is based on my joint project with Hao Zhang

GZ1 arXiv:2305.10180

GZ2 arXiv:2411.07707

‹ GZ3 arXiv:2503.23995

GZ4 to appear this year

In TQFT and VOA, modular functors/conformal blocks—particularly in

genus 1—are understood in fundamentally different ways.

TQFT ends and coends

VOA pseudo-traces

How to relate these two approaches? (Answer: The sewing-factorization

theorem of conformal blocks proved in GZ3.)
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Conformal blocks (CB)

Throughout this talk, V is a C2-cofinite N-graded VOA.

Fix a N -pointed compact Riemann surface with local coordinates

X “ pC;x1, ¨ ¨ ¨ , xN ; η1, ¨ ¨ ¨ , ηN q.

C is a (possibly disconnected) compact Riemann surface with distinct

marked points x1, . . . , xN . ηi is a local coordinate at xi (i.e., an injective

holomorphic function on a neighborhood of xi sending xi to 0).

Associate W P ModpVbN q to the ordered marked points x1, ¨ ¨ ¨ , xN .

A conformal block (CB) is a linear map ψ : W Ñ C invariant under

the action defined by X and V (Zhu 94, Frenkel&Ben-Zvi 04). The

spaces of conformal blocks is denoted by CBpX,Wq, or

CB
´ ¯
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Pictorial illustraction of CB

Suppose that X has two groups of marked points x1, . . . , xN and

y1, . . . , yK . We can associate W P ModpVbN q to x1, . . . , xN in order,

and associate M P ModpVbKq to y1, . . . , yK in order.

This means associating W b M to x1, . . . , xN , y1, . . . , yK .

A CB ψ : W b M Ñ C can equivalently be viewed as a linear map

ψ7 : W Ñ M1 satisfying certain intertwining property.

M1 is the contragredient of M, and M1 is the algebraic completion of M.

So M1 “ M˚.
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The fusion product bXW and the canonical CB Xג

The CB functor is left exact.

Any left exact functor from a finite C-linear category to Vect is
representable (Douglas-SchommerPries-Snyder 19). So, fixing

W P ModpVbNq, there exists bXWbXWbXW P ModpVbKq, called the

fusion product of W along X, yielding an equivalence of linear

functors M P ModpVbKq Ñ Vect:

CB
´ ¯

» HomVbK pbXW,Mq

The element Xג P CBp q corresponding to

id P HomVbK pbXW,bXWq is called the canonical CB.

Xג can be viewed as a linear map 7ג

X : W Ñ bXW.
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Examples of fusion products

Huang-Lepowsky-Zhang

Li

The main subject of this talk

bNC is isomorphic to bLiV via the “propagation of CB”.

» Lyubashenko (GZ3, GZ4)
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The sewing-factorization (SF) theorem

View the canonical Xג P CB
` ˘

as a linear map

7ג

X : W Ñ bXW.

Theorem (SF theorem, GZ3)

We have a linear isomorphism (called the SF isomorphism)

CB
` ˘ »

ÝÑ CB
` ˘

defined by ϕ7 ÞÑ ϕ7 ˝ 7ג

X

The well-definedness of this map (proved in GZ2) means that ϕ7 ˝ 7ג

X is

convergent and is also a CB.

Example: Product and iterate of intertwining operators.
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Transitivity of fusion products as an SF theorem

The transitivity of fusion products is an easy consequence and an

equivalent form of the previous SF theorem.

Theorem (Transitivity of fusion products, GZ3)

We have an isomorphism bZW » bYpbXWq, pictorially

»

and, accordingly, 7ג

Z » 7ג

Y ˝ 7ג

X
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Next, we use the SF theorem to show that the Vb2-module bNC, which is

the fusion product , is an associative C-algebra. We show

that the category of certain left modules of bNC is linearly isomorphic to

ModpVq.
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The Vb2-module bNC as an associative algebra

In the following, all 2-pointed spheres are standard, i.e., equivalent to

pP1; 0,8; z, 1{zq.

The canonical CB Nג of can be viewed as a linear

7ג

N : C Ñ bNC, equivalently, an element of bNC.
By the SF theorem, there is a unique CB

Φ : pbNCq b pbNCq Ñ bNC
(algebraic closure not needed, since Φ intertwines the top and bottom

actions of Lp0q) for the following figure such that 7ג

N “ Φp7ג

N b 7ג

Nq.
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The conformal block Φ : pbNCq b pbNCq Ñ bNC

Pictorially, Φ is the unique CB such that

Theorem (GZ4)

For each ξ, η P bNC, define ξ ‹ η “ Φpξ b ηq. Then pbNC, ‹q is a

(non-unital) associative C-algebra which is strongly AUF.

If V is rational, then bNC »
À

MPIrrM b M1 as Vb2-modules and as

C-algebras.
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AUF algebras

Definition

An associative C-algebra A is called AUF (almost unital and

finite-dimensional) if A has a family of mutually orthogonal idempotents

ppiqiPI such that A “
À

i,jPI piApj (as vector space decomposition), and

each direct summand is finite-dimensional. If A also has finitely many

irreducibles, we say that A is strongly AUF.

Example: Unital and finite-dimensional algebras are strongly AUF.

Definition

Let A be AUF. A left A-module M is called coherent if M is finitely

generated, and if M is a quotient module of A‘J for some set J . The linear

category of coherent left A modules is denoted by CohLpAqCohLpAqCohLpAq.
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The functor F : ModpVq Ñ CohLpbNCq

For each M P ModpVq, we view M b M1 » End0pMqEnd0pMqEnd0pMq as a (strongly

AUF) subalgebra of EndpMq.

Recall that bNC P ModpVb2q is defined by the linear equivalence

CB
´ ¯

» HomVb2

`

bN C,X
˘

which is natural in X P ModpVb2q.
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The functor F : ModpVq Ñ CohLpbNCq

In particular, setting X “ M b M1 » End0pMq, we have

CB
´ ¯

» HomVb2

`

bN C,End0pMq
˘

Theorem (GZ4)

Let πMπMπM : bNC Ñ End0pMq be the Vb2-module morphism corresponding to

idM. Then πM is an algebra homomorphism, and pM, πMq belongs to

CohLpbNCq.

Theorem (GZ4)

The functor F : ModpVq
»

ÝÝÑ CohLpbNCq sending pM, YMq to pM, πMq is an

isomorphism of linear categories.
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An elementary description of bNC

G P ModpVq is called a generator if any M P ModpVq is a quotient of

G‘n for some n P N. A generator which is also projective is called a

projective generator.

Proposition (GZ4)

Let G P ModpVq be a generator. Then pG, πGq is faithful.

Write YGpv, zq “
ř

nPZ YGpvqnz
´n´1, and let Ps : G Ñ Gpsq be the

projection onto the generalized s-eigenspace of Lp0q. It then follows

that AG :“ SpantPsYGpvqnPt : s, t P C, n P Z, v P Vu is a subspace of

End0pGq closed under multiplication, and

πG : bNC
»

ÝÝÑ AG

is an algebra isomorphism. This gives an elementary characterization of

bNC.
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In the rest of this talk, I give two applications of our isomorphism

ModpVq » CohLpbNCq. As our first application, we show that the

Vb2-module bNC is isomorphic to the end

ż

MPModpVq

M bC M1. Using this

isomorphism, we prove

CB
` ˘

» HomVpL,Mq

where L P ModpVq is the Lyubashenko construction/coend.
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Ends and coends

Let D be a category. Let F : ModpVbN q ˆ ModpVbN q Ñ D be a covariant

bi-functor. Let A P D .

Definition

A family of morphisms φW : A Ñ F pW,W1q (for all W P ModpVbN q) is

called dinatural if for any M P ModpVbN q and T P HomVbN pM,Wq, the

following diagram commutes:

A F pW,W1q

F pM,M1q F pW,M1q

φM

φW

F pid,T tq

F pT,idq

Reversing arrows defines dinatural transformation F pW1,Wq Ñ A.
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Ends and coends

Definition

A dinatural transformation φW : A Ñ F pW,W1q (for all W P ModpVbN q) is

called an end if it satisfies the universal property that for any dinatural

transformations ψW : B Ñ F pW,W1q there is a unique Γ P HomDpB,Aq

such that ψW “ φW ˝ Γ for all W. We write A “

ż

WPModpVbN q

F pW,W1q.

B

A F pW,W1q

F pM,M1q F pW,M1q

Γ

ψM

ψW

φM

φW

F pid,T tq

F pT,idq

Reversing arrows defines coend F pW1,Wq Ñ A “

ż WPModpVbN q

F pW1,Wq.
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Describing bNC as an end

If A is a unital finite-dimensional C-algebra, then in BimodpAq,

A »

ż

MPModLpAq

M bC M
˚

A similar result holds for strongly AUF algebras. Therefore, the

isomorphism ModpVq » CohLpbNCq implies the following:

Theorem (Peter-Weyl theorem for bNC, GZ4)
The dinatural transform πM : bNC Ñ End0pMq “ M bC M1 (for all

M P ModpVq) is an end in ModpVb2q. In short,

bNC »

ż

MPModpVq

M bC M1
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Application of bNC »
ş

MPModpVq
M bC M1

From the previous page, we have bNC »

ż

MPModpVq

M bC M1.

Applying bHLZ : ModpVb2q Ñ ModpVq to both sides of this

isomorphism, we get bHLZpbNCq » L where L P ModpVq is the

Lyubashenko construction (Brochier-Woike 22) defined by

L :“ bHLZ

´

ż

MPModpVq

M bC M1
¯

When V is strongly-finite and rigid, then ModpVq is modular (McRae 21).

Then
ş

MPModpVq
M bC M1 »

şMPModpVq M1 bC M. Since bHLZ is a left

adjoint and hence commutes with coends, we get

L »

ż MPModpVq

M1 bHLZ M

where the RHS is the Lyubashenko coend (Lyubashenko 96).
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Application of bNC »
ş

MPModpVq
M bC M1

From the previous page, we have bHLZpbNCq » L.

The transitivity of fusion products implies bTC » bHLZpbNCq:

»

Therefore, bTC » LbTC » LbTC » L.

By the definition of bTC, for M P ModpVq we have natural equivalence

CB
` ˘

» HomVpbTC,Mq. Therefore:

Corollary (GZ4)

The SF isomorphism yields a natural linear isomorphism

CB
` ˘

» HomVpL,Mq
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The isomorphism CB
` ˘

» HomVpL,Mq

In TQFT, the torus modular functors are defined by HomVpL,Mq. The

categorical SSS-transform is defined by the Hopf pairing of L.

Open problem (Gainutdinov-Runkel, Creutzig-Gannon, etc.): Prove that

at least when V is strongly-finite and rigid, the categorical S-transform

agrees with the modular SSS-transform on CB
` ˘

(defined

by τ ÞÑ ´ 1
τ ).

This conjecture is important for the construction of logarithmic full

CFT, as shown by Huang-Kong in the rational case.

The first step toward proving this conjecture must be proving

CB
` ˘

» HomVpL,Mq. Our work is the first one

establishing such an isomorphism. Before our work, no work on modular

invariance has successfully related torus CB and Lyubashenko’s coend L.
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As our second application of ModpVq » CohLpbNCq, we use pseudo-traces

to show that CB
` ˘

is determined by the linear category ReppVq

(i.e., the monoidal structure is irrelavant). This result, originally conjectured

by Gainutdinov-Runkel (19), is much sharper than the modular invariance

results of Miyamoto and Arike-Nagatomo.
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Pseudo-traces for unital finite-dimensional algebras

Let A be a finite-dimensional unital C-algebra and M a

finite-dimensional projective left A-module.

The projectivity is equivalence to the existence of

α1, . . . , αn P HomApA,Mq qα1, . . . , qαn P HomApM,Aq

satisfying
ř

i αi ˝ qαi “ idM

We have the pseudo-trace construction (Hattori and Stallings, 65)

SLF pAq Ñ SLF pEndApMqq ϕ ÞÑ Trϕ

Trϕpxq “
ř

i ϕpqαi ˝ x ˝ αip1Aqq

where SLFSLFSLF=symmetric linear functionals (i.e. ϕ : A Ñ C is linear and

ϕpxyq “ ϕpyxq).

When G P ModLpAq is a projective generator, the pseudo-trace map

SLF pAq Ñ SLF pEndApGqq is a linear isomorphism

(Beliakova-Blanchet-Gainutdinov 21).
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Pseudo-traces for strongly AUF algebras

Similarly, for each projective generator G of ModpVq » CohLpbNCq, we

have a linear isomorphism defined by the pseudo-trace construction:

SLF pbNCq
»

ÝÝÑ SLF pEndbNCpGqq “ SLF pEndVpGqq

SLF pbNCq can be identified with CB
` ˘

, and hence with

CB
` ˘

by “propagation of CB”.

By the SF theorem, CB
` ˘

is linearly isomorphic to

CB
` ˘

. Therefore:

Theorem (GZ4, conjectured by Gainutdinov-Runkel 19)

Let G P ModpVq be a projective generator. Then the composition of the SF

isomorphism and the pseudo-trace map yields a linear isomorphism

CB
` ˘

» SLF pEndVpGqq.
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The isomorphism CB
` ˘

» SLF pEndVpGqq

Assume that V is strongly-finite and rigid. Then EndVpGq has a

non-degenerate SLF, e.g. the modified trace (Gainutdinov-Runkel 20).

Then SLF pEndVpGqq is linearly isomorphic to the center ZpEndVpGqq.

Corollary

Assume that V is strongly-finite and rigid. Let G P ModpVq be a projective

generator. Then we have a linear isomorphism

CB
` ˘

» ZpEndVpGqq

Example: Let V “ Wppq. Then ModpWppqq » ModLpU qpsl2qq as linear

categories where q “ eiπ{p (Nagatomo-Tsuchiya 09). ZpU qpsl2qq has

dimension 3p´ 1 (Feigin-Gainutdinov-Semikhatov-Tipunin 06).

Therefore, the space of vacuum torus CB of Wppq has dimension 3p´ 1.
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Conclusion

Question: How are (co)ends related to pseudo-traces?

Quick answer: The end

ż

MPModpVq

M bC M1, which is an object of

ModpVb2q, has a natural associative C-algebra structure whose module

category is equivalent to ModpVq.

To summarize, our theory serves as a bridge connecting the TQFT

perspective with the VOA viewpoint.

TQFT community
(co)ends, categorical S, modified traces,

the Hopf algebra structure of L,...
Our theory the sewing-factorization of CB

VOA people pseudo-traces, modular S, ...

The results represented in this talk are just the beginning of our story.

Many more connections will be revealed in our ongoing project.
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